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Abstract

This paper analytically demonstrates that the tails of income and wealth distributions
converge to a Pareto distribution in a variation of the Solow or Ramsey growth model
where households bear idiosyncratic investment shocks. The Pareto exponent is shown
to be decreasing in the shock variance, increasing in the growth rate, and increased by
redistribution policies by income or bequest tax. Simulations show that even in the short
run the exponent is affected by those fundamentals. We argue that the Pareto exponent
is determined by the balance between the savings from labor income and the asset income

contributed by risk-taking behavior.

1 Introduction

It is well known that the tail distributions of income and wealth follow a Pareto distri-

—2—1

bution in which the frequency decays in power as Pr(z) o« z . Researchers widely

hold the view that the Pareto distribution is generated by multiplicative shocks in the
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Figure 1: Income distributions above the top ten percentile

wealth accumulation process. In this paper, we formalize this idea in the framework of
the standard models of economic growth.

There are renewed interests in the tail distributions of income and wealth. Recent
studies by Feenberg and Poterba [9] and Piketty and Saez [24] investigated the time series
of top income share in the U.S. by using tax returns data. Figure 1 shows the income
distribution tails from 1917 to 2006 in the data compiled by Piketty and Saez [24]. The
distribution is plotted in log-log scale and cumulated from above to the 90th percentile.
We note that a linear line fits the tail distributions well in the log-log scale. This implies
that the tail part follows log Pr(X > ) = a — Alog z, which is called Pareto distribution
and its slope A is called Pareto exponent. The tail distribution is more egalitarian when
A is larger and thus when the slope is steeper. The good fit of the Pareto distribution in
the tail is more evident in Figure 2, which plots the income distributions in Japan based
on the tax returns data as in Souma [30], Fujiwara et al.[11], and Moriguchi and Saez
[20]. The long tail covers more than a factor of twenty in relative income and displays
a clear Paretian tail regardless of the economic situations Japan underwent, the bubble

era or the lost decade.
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Figure 2: Income distributions in Japan (Source: Fujiwara et al. [11], Nirei and Souma [22].)

Figure 3 plots the time series of the U.S. Pareto exponent A estimated for the various
ranges of the tail.! We observe a slow movement of X decade by decade: the U.S. Pareto
exponent has increased steadily until 1960s, and since then declined fairly monotonically.
The Pareto exponent stays in the range 1.5 to 3. But there is no clear time-trend for
equalization or inequalization. In fact, we observe that the distributions in 1917 and 2006
are nearly parallel in Figure 1. This means that the income at each percentile grew at
the same average rate in the long run. The Pareto exponent in Japan also stays around
2 as shown in Figure 2.

The stationarity of the Pareto exponent implies that the income distribution is char-
acterized as a stationary distribution when normalized by the average income each year,

since the Pareto distribution is “scale-free” (i.e., invariant in the change of units). This

'We estimate A by a linear fit on the log-log plot. The linear fit is often problematic for estimating the tail
exponent, because there are few observations on the tail for sampled data. This sampling error is not a big
problem for our binned data, however, because each bin includes all the population within the bracket and

thus contains a large number of observations.
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Figure 3: Pareto exponents for the U.S. income distributions

contrasts with the log-normal hypothesis of income distribution. If income incurs a mul-
tiplicative shock that is independent of income level (“Gibrat’s law”), then the income
follows a log-normal distribution. On the one hand, a log-normal distribution approxi-
mates a power-law distribution in an upper-middle range well (Montroll and Shlesinger
[19]). On the other hand, the cross-sectional variance of log-income must increase linearly
over time in the log-normal development of the distribution, and hence the dispersion of
relative income diverges over time. Also, the log-normal development implies that the
Pareto exponent becomes smaller and smaller as time passes. To the contrary, our plot
exhibits no such trend in the Pareto exponent, and the variance of log-income is stationary
over time as noted by Kalecki [14]. Thus, Gibrat’s hypothesis of log-normal development
need be modified.

We can obtain a stationary Pareto exponent by slightly modifying the multiplica-
tive process in such a way that there is a small dragging force that prevents the very
top portion of the distribution diverging. This was the idea of Champernowne [7], and
subsequently a number of stochastic process models are proposed such as the preferen-

tial attachment and birth-and-death process (Simon [29], Rutherford [25], Sargan [27],



Shorrocks [28]), and stochastic savings (Vaughan [32]). Models of randomly divided in-
heritance, along the line of Wold and Whittle [33], make a natural economic sense of the
dragging force for the stationarity, as later pursued by Blinder [4] and Dutta and Michel
[8]. Pestieau and Possen [23] presented a model of rational bequests with random returns
to asset, in which the wealth distribution follows log-normal development. They showed
that the variance of log-wealth can be bounded if their model incorporates a convex estate
tax.

Another mechanism for the bounded log-variance is a reflexive lower bound, which
pushes up the bottom of the distribution faster than the drift growth (total growth less
diffusion effects) of the rest and thus achieves the stationary relative distribution. The
analysis is based on the work of Kesten [15] and used by Levy and Solomon [16] and
Gabaix [12]. The present paper extends this line of research by articulating the economic
meanings of the multiplicative shocks and the reflexive lower bound in the context of
the standard growth model. While we mainly focus on the reflexive lower bound, we
also incorporate the effect of random inheritances in the Ramsey model by utilizing the
multiplicative process with reset events studied by Manrubia and Zanette [17].

In the growth literature, there are relatively few studies on the shape of cross-section
distribution of income and wealth, compared to the literature on the relation between
inequality and growth. Perhaps the most celebrated is Stiglitz [31] which highlights the
equalizing force of the Solow model. Numerical studies by Huggett [13] and Castafieda,
Diaz-Giménez, and Rios-Rull [6] successfully capture the overall shape of earnings and
wealth distributions in a modern dynamic general equilibrium model. The present pa-
per complements theirs by concentrating on the analytical characterization of the tail
distribution, which covers a small fraction of population but carries a big impact on the
inequality measures because of its large shares in income and wealth.

In this paper, we develop a simple theory of income distribution in the Solow and
Ramsey growth models. We incorporate an idiosyncratic asset return shock, and show
that the Solow model generates a stationary Pareto distribution for the detrended house-
hold income at the balanced growth path. Pareto exponent A is analytically determined

by fundamental parameters. The determinant of A is summarized by the balance between



the inflow from the middle class into the tail part and the inequalization force within the
tail part. The inflow is represented by the savings from wage income that pushes up the
bottom of the wealth distribution. The inequalization force is captured by the capital
income that is attributed to risk taking behaviors of the top income earners. When the
two variables are equal, Pareto exponent is determined at the historically stationary level,
A=2.

We establish some comparative statics for the Pareto exponent analytically. The
Pareto exponent is decreasing in the returns shock variance, and increasing in the tech-
nological growth rate. This is interpreted by the balance between the middle-class savings
and the diffusion: the shock variance increases the diffusion, while the growth contributes
to the savings size. The savings rate per se turns out to be neutral on the determination
of the Pareto exponent, because it affects the savings amount and the variance of the as-
set growth equally. However, a heterogeneous change in savings behavior does affect the
Pareto exponent. For example, a lowered savings rate in the low asset group reduces the
savings amount and thus decreases the Pareto exponent. Redistribution policies financed
by flat-rate taxes on income and bequest are shown to raise the Pareto exponent. Finally,
a decline in mortality rate lowers the Pareto exponent.

The rest of the paper is organized as follows. In Section 2, the Solow model with
uninsurable investment risk is presented and the main result is shown. In Section 3, the
Solow model is extended to incorporate redistribution policies by income or bequest tax,
and the sensitivity of the exponent is investigated. In Section 4, the stationary Pareto
distribution is derived in the Ramsey model with random discontinuation of household

lineage. Section 5 concludes.

2 Solow model

In this section, we present a Solow growth model with an uninsurable and undiversifiable
investment risk. Consider a continuum of infinitely-living consumers ¢ € [0,1]. Each

consumer is endowed with one unit of labor, an initial capital £;o, and a “backyard”



production technology that is specified by a Cobb-Douglas production function:
Yie = k' (aigli)' (1)

where [;; is the labor employed by 7 and k;; is the capital owned by i. The labor-
augmenting productivity a;: is an i.i.d. random variable across households and across

periods with a common trend ~ > 1:
ait="7"€r (2)

where €;; is a temporary productivity shock with mean 1. Households do not have a
means to insure against the productivity shock ¢; ; except for its own savings. Note that
the effect of the shock is temporary. Even if ¢ drew a bad shock in t — 1, its average
productivity is flushed to the trend level 4! in the next period.
Each household supplies one unit of labor inelastically. The capital accumulation
follows:
ity = (1= 06)kis + s(mis +wy) (3)
where s is a constant savings rate and ; ; + w; is the income of household . 7;; denotes

the profit from the production:

Tit = Max Yi; — Wilsy 4)
LitsYi,t

subject to the production function (1). The first order condition of the profit maximiza-

tion yields a labor demand function:
lig=(1- a)l/aag,lt_a)/awfl/aki,t (5)
Plugging into the production function, we obtain a supply function:
yia = (1= )0 al = My T . (6)

By combining (4,5,6), we obtain that m;; = ay,;; and wil;; = (1 — @)y .-
The aggregate labor supply is 1, and thus the labor market clearing implies fol l;di =
1. Define the aggregate output and capital as Y; = fol Yiedi and Ky = fol ki di. Then we

obtain the labor share of income to be a constant 1 — a:

we = (1 a)Y;. (7)



Plugging into (6) and integrating, we obtain an aggregate relation:

Y, = Blag, ") K = Ble, ")y 0 Ky (8)
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By aggregating the capital accumulation equations (3) across households, we repro-

duce the equation of motion for the aggregate capital in the Solow model:
Kt+1 = (1 - (S)Kt + 81/,{. (9)

Define a detrended aggregate capital as:

K

Then the equation of motion is written as:

VXes1 = (1= 0)X; + sn X[ (11)
where
n=E (eg};a)/a) . (12)
Equation (11) shows the deterministic dynamics of Xy, and its steady state is solved as:
1/(1-a)
— 8’,7

X=—"— . 13
<7 -1+ 5) (13)

Since a < 1, the steady state is stable and unique in the domain X > 0. The model
preserves the standard implications of the Solow model on the aggregate characteristics
of the balanced growth path. The actual investment equals the break-even investment
on the balanced growth path as s(Y;/v') = (y — 1 + §)X. The long-run output-capital
ratio (Y/K) is equal to (y — 14 6)/s. The golden-rule savings rate is equal to o under
the Cobb-Douglas technology.

We now turn to the dynamics of individual capital. Define a detrended individual

capital:
kg
Tit = ,yt . (14)
Substituting in (3), we obtain:
Vi1 = (1 -6+ SaXta_l(et/n)(lia)/a) 2+ sn(l — o) X7 (15)
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The system of equations (11,15) defines the dynamics of (x;¢, X;). We saw that X,
deterministically converges to the steady state X. At the steady state, the dynamics of

an individual capital z;; (15) becomes:

Tit41 = GitTiy + 2 (16)
where
(1—-a)/a
1-6 a(y—149) €
we = o+ SIS ("
) T B
a/(1-a)
1—a). 1—

, = l-a)go  sn(l-a) ( 51 ) . (18)

¥ gl y—1+4

gi.¢ is the return to detrended capital (1 — § + sm;/®i)/v, and z is the savings from
detrended labor income sw;/y'*. Equation (16) is called a Kesten process, which is a
stochastic process with a multiplicative shock and an additive shock (a constant in our

case). At the steady state,
E(git) =1-z/z (19)

must hold, where the steady state Z is equal to the aggregate steady state X. E(g;¢) =
a+(1—a)(1—0)/v < 1 holds by the definition of ¢; ; (17), and hence the Kesten process
is stationary. The following proposition is obtained by applying the theorem shown by
Kesten [15] (see also [16] and [12]):

Proposition 1 Household’s detrended capital x;; has a stationary distribution whose

tail follows a Pareto distribution:
Pr(zi; > ) oc 2™ (20)
where the Pareto exponent X\ is determined by the condition:
E(giy) = 1. (21)

Household’s income 7; + +w; also follows the same tail distribution.

The condition (21) is understood as follows (see Gabaix [12]). When z; has a power-

law tail Pr(z; > x) = coz~ for a large z, the cumulative probability of z;,; satisfies



Pr(ziy1 > ) = Pr(zy > (2 —2)/g1) = co(x — 2) 7> [ g F(dg;) for a large z and a fixed z,
where F' denotes the distribution function of g;. Thus, ;41 has the same distribution as
x; in the tail only if F(g}') = 1. Household’s income also follows the same distribution,
because the capital income 7; ; is proportional to k; ¢ and the labor income w; is constant
across households and much smaller than the capital income in the tail part.

In what follows we assume that the returns shock loge; ; follows a normal distribution
with mean —o?/2 and variance o2. We first establish that A > 1 and that X is decreasing

in the shock variance.

Proposition 2 There exists & such that for o > & Equation (21) determines the Pareto
erxponent A uniquely. The Pareto exponent always satisfies A > 1 and the stationary

distribution has a finite mean. Moreover, A is decreasing in o.

Proof is deferred to Appendix A.

Proposition 2 conducts a comparative static of A with respect to o. To do so, we need
to show that E(g;\t) is strictly increasing in A. Showing this is easy if § = 1, since then
g;¢ follows a two-parameter log-normal distribution. Under the 100% depreciation, we
obtain the analytic solution for A as follows (see Appendix B for the derivation):

a \° log(1/c)
1a> a?2/2

)\|5:1 =1+ ( (22)

This expression captures our result that X is greater than 1 and decreasing in o. Propo-
sition 2 establishes this property in a more realistic case of partial depreciation under
which g, ; follows a shifted log-normal distribution. The property is shown for a suffi-
ciently large variance o2. This is required so that ¢ > 1 occurs with a sufficiently large
probability. The lower bound & takes the value about 1.8 under the benchmark param-
eter set (o = 1/3, 6 = 0.1, v = 1.03). This is a sufficient condition, however, and the
condition can be relaxed. In simulations we use the value 02 = 1.1 and above, and we
observe that E(gg\t) is still increasing in .

The Pareto distribution has a finite mean only if A > 1 and a finite variance only
if A > 2. Since E(g;+) < 1, it immediately follows that A > 1 and that the stationary
distribution of z; ; has a finite mean in our model. When X is found in the range between

1 and 2, the capital distribution has a finite mean but an infinite variance. The infinite

10



variance implies that, in an economy with finite households, the population variance grows
unboundedly as the population size increases.

Proposition 2 shows that the idiosyncratic investment shocks generate a “top heavy”
distribution, and at the same time it shows that there is a certain limit in the wealth
inequality generated by the Solow economy, since the stationary Pareto exponent cannot
be smaller than 1. Pareto distribution is “top heavy” in the sense that a sizable fraction
of total wealth is possessed by the richest few. The richest P fraction of population owns
P'=1/X fraction of total wealth when A > 1 (Newman [21]). For A = 2, this implies that
the top 1 percent owns 10% of total wealth. If A < 1, the wealth share possessed by the
rich converges to 1 as the population grows to infinity. Namely, virtually all of the wealth
belongs to the richest few. Also when A < 1, the expected ratio of the single richest
person’s wealth to the economy’s total wealth converges to 1 — A (Feller [10]). Such an
economy almost resembles an aristocracy where a single person owns a fraction of total
wealth. Proposition 2 shows that the Solow economy does not allow such an extreme
concentration of wealth, because A cannot be smaller than 1 at the stationary state.

Empirical income distributions show that the Pareto exponent transits below and
above 2, in the range between 1.5 and 3. This implies that the economy goes back
and forth between the two regimes, one with finite variance of income (A > 2) and one
with infinite variance (A < 2). The two regimes differ not only quantitatively but also
qualitatively, since for A < 2 almost all of the sum of the variances of idiosyncratic risks is
born by the wealthiest few whereas the risks are more evenly distributed for A > 2. This
is seen as follows. In our economy, the households do not diversify investment risks. Thus

2
7,19

the variance of their income increases proportionally to their wealth x:,, which follows
a Paretian tail with exponent /2. Thus, the income variance is distributed as a Pareto
distribution with exponent less than 1, which is so unequal that the single wealthiest
household bears a fraction 1 — A/2 of the sum of the variances of the idiosyncratic risks
across households, and virtually all of the sum of the variances are born by the richest few
percentile. Thus, in the Solow model, the concentration of the wealth can be interpreted
as the result of the extraordinary concentration of risk bearings.

We can obtain an intuitive characterization for the threshold point A = 2 for the two

11



regimes under the assumption that loge; ; follows a normal distribution with mean —o?/2

and variance o2 as follows.

Proposition 3 The Pareto exponent A is greater than (less than) 2 when o < & (> &)

() e

Moreover, X is increasing in v and in § in the neighborhood of \ = 2.

where:

Proof is deferred to Appendix C.

Proposition 3 relates the Pareto exponent with the variance of the productivity shock,
the growth rate, and the depreciation rate. The Pareto exponent is smaller when the
variance is larger. At the variance 62, the income distribution lays at the boarder between
the two regimes where the variance of cross-sectional income is well defined and where
the variance diverges. We also note that v and § both affect positively to A around A = 2.
That is, a faster growth or a faster wealth depreciation helps equalization in the tail.
A faster economic growth helps equalization, because the importance of the risk-taking
behaviors (0?) is reduced relative to the drift growth. In other words, a faster trend
growth increases the inflow from the middle class to the rich while the diffusion among
the rich is unchanged. We explore this intuition further in the following.

The threshold variance is alternatively shown as follows. At A = 2, E(gzt) =1
must hold by (21). Using E(g;:) = 1 — 2/, this leads to the condition Var(g;.)/2 =
2/% — (2/%)?/2. The key variable z/Z is equivalently expressed as:

_s(l—a)(Y)_(l—a)(’y—l-i—é) (24)

Y Y

K

ISIIRN]

Under the benchmark parameters o = 1/3, § = 0.1, and v = 1.03, we obtain z/Z to
be around 0.08. We can thus neglect the second order term (z/z)? and obtain z =~
ZVar(g;.)/2 as the condition for A = 2. The right hand side expresses the growth of
capital due to the diffusion effect. As we argue later, we may interpret this term as
the capital income due to the risk taking behavior. The left hand side z represents the
savings from the labor income. Then, the Pareto exponent is determined at 2 when

the contribution of labor to capital accumulation balances with the contribution of risk

12



taking. In other words, the stationary distribution of income exhibits a finite or infinite
variance depending on whether the wage contribution to capital accumulation exceeds or
falls short of the contribution from risk takings.

When ¢ follows a log-normal distribution, g is approximated in the first order by a
log-normal distribution around the mean of e. We explore the formula for A under the

first-order approximation. By the condition (21), we obtain:

E(logg)
A ——— 2 25
Var(log g)/2 (25)
Note that for a log-normal g we have:
log E(g) = E(log g) + Var(log g)/2. (26)

Thus, (25) indicates that A is determined by the relative importance of the drift and the
diffusion of the capital growth rates both of which contribute to the overall growth rate.
Using the condition E(g) = 1 — z/Z, we obtain an alternative expression:

—log(1l — 2/x)

Ar1
+ Var(log g)/2

(27)

as in Gabaix [12]. We observe that the Pareto exponent A is always greater than 1, and
it declines to 1 as the savings z decreases to 0 or the diffusion effect Var(log g) increases

to infinity. For a small z/Z, the expression is further approximated as:

z
Arl4 ——m——. 28
+ zVar(log g)/2 (28)

Var(log g)/2 is the contribution of the diffusion to the total return of asset. Thus, the
Pareto exponent is equal to 2 when the savings z is equal to the part of capital income
contributed by the risk-taking behavior.

The intuition of our mechanism to generate Pareto distribution is following. The
multiplicative process is one of the most natural mechanisms for the right-skewed, heavy
tailed distribution of income and wealth as the extensive literature on the Pareto distribu-
tion indicates. Without some modification, however, the multiplicative process leads to
a log-normal development and does not generate the Pareto distribution nor the station-

ary variance of log income. Incorporating the wage income in the accumulation process

13



just does this modification. In our model, the savings from wage income (z) serves as
a reflexive lower bound of the multiplicative wealth accumulation. Moreover, we find
that the Pareto exponent is determined by the balance between the contributions of this
additive term (savings) and the diffusion term (capital income). The savings from the
wage income determines the mobility between the tail wealth group and the rest. Thus,
we can interpret our result as the mobility between the top and the middle sections of
income determines the Pareto exponent.

The close connection between the multiplicative process and the Pareto distribution
may be illustrated as follows. Pareto distribution implies a self-similar structure of the
distribution in terms of the change of units. Suppose that you belong to a “millionaire
club” where all the members earn more than a million. In the club, you find that 10~
of the club members earn 10 times more than you. If A = 2, this is one percent of the all
members. Suppose that, after some hard work, you now belong to a ten-million earners’
club. But then, you find again that one percent of the club members earn 10 times more
than you do. If your preference for wealth is ordered by the relative position of your
wealth among your social peers, you will never be satisfied by climbing up the social
ladder of millionaire clubs. This observation is in good contrast with the “memoryless”
property of an exponential distribution in addition. An exponential distribution charac-
terizes the middle-class distribution well. In any of the social clubs within the region of
the exponential distribution, you will find the same fraction of club members who earn
$10000 more than you. The contrast between the Pareto distribution and the exponential
distribution corresponds to that the Pareto distribution is generated by a multiplicative
process with lower bound while the exponential distribution is generated by an additive
process with lower bound [16]. Under this perspective, Nirei and Souma [22] showed that
the middle-class distribution as well as the tail distribution can be reproduced in a simple

growth model with multiplicative returns shocks and additive wage shocks.
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3 Sensitivity Analysis

3.1 Redistribution

In this section, we extend the Solow framework to redistribution policies financed by
taxes on income and bequest. Tax proceeds are redistributed to households equally. Let
T, denote the flat-rate tax on income, and let 7, denote the flat-rate bequest tax on
inherited wealth. We assume that a household changes generations with probability u
in each period. Thus, the household’s wealth is taxed at flat rate 7, with probability
© and remains intact with probability 1 — p. Denote the bequest event by a random
variable 1; that takes 1 with probability x4 and O with probability 1 — p. Then, the

capital accumulation equation (3) is modified as follows:
kirr1=0—08—1ym)kis+ s((1 —7y)(mis +wi) + 7y Ye + ppSy). (29)

By aggregating, we recover the law of motion for X; as in (11). Therefore, the redistri-
bution policy does not affect X or aggregate output at the steady state. Combining with

(29), the accumulation equation for an individual wealth is rewritten at X as follows:
Tipp1 = JitTigp + 2 (30)

where the newly defined growth rate g; ; and the savings term Z are:

. 1-6—1ym, (A—-7y)a(y—1+9) 61(,115—@)/(1
git = + (1-a)/a (31)
v v E(e; )
. _ sl-a+am) ( s )a/(l_a) +7 ( il )MH) (32)
- v y—1+6 b vy—1+4+96 '

This is a Kesten process, and the Pareto distribution immediately obtains.

Proposition 4 Under the redistribution policy, a household’s wealth x; + has a stationary
distribution whose tail follows a Pareto distribution with exponent X that satisfies E(gét) =
1. An increase in income taz T, or bequest tax T, raises A, while X\ is not affected by a

change in savings rate s.

Since the taxes 7, and 7, both shift the density distribution of §; ; downward, they raise
the Pareto exponent A and help equalizing the tail distribution. The effect of savings s

is discussed in a separate section.
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The redistribution financed by bequest tax 7, has a similar effect to a random discon-
tinuation of household lineage. By setting 7, accordingly, we can incorporate the situation
where a household may have no heir, all its wealth is confiscated and redistributed by
the government, and a new household replaces it with no initial wealth. A decrease in
mortality (u) in such an economy will reduce the stationary Pareto exponent A. Thus,
the greater longevity of the population has an inequalizing effect on the tail wealth.

The redistribution financed by income tax 7, essentially collects a fraction of profits
and transfers the proceeds to households equally. Thus, the income tax works as a means
to share idiosyncratic investment risks across households. How to allocate the transfer
does not matter in determining A, as long as the transfer is uncorrelated with the capital
holding.

If the transfer is proportional to the capital holding, the redistribution scheme by the
income tax is equivalent to an institutional change that allows households to better insure

against the investment risks. In that case, we obtain the following result.

Proposition 5 Consider a risk-sharing mechanism which collects 15 fraction of profits

mi and rebates back its ex-ante mean E(rom; ). Then, an increase in Ts Taises A.

Proof is following. A partial risk sharing (7, > 0) reduces the weight on ¢; ; in (31) while
keeping the mean of g; ;. Then §; ; before the risk sharing is a mean-preserving spread of
the new §; ;. Since A > 1, a mean-preserving spread of g; ; increases the expected value of
its convex function g}i}:t. Thus the risk sharing must raise A in order to satisfy E(gf:t) =1.
When the households completely share the idiosyncratic risks away, the model converges
to the classic case of Stiglitz [31] in which a complete equalization of wealth distribution

takes place.

3.2 Speed of Convergence

We now examine the response of the income distribution upon a shift in fundamental
parameters such as the variance of return shocks and the tax rate. By the analytical
result, we know that A will increase by an increase in the shock variance or by a decrease

in tax at the stationary distribution. By numerically simulating the response, we can

16



check the speed of convergence toward a new stationary distribution. It is important to
study the speed of convergence, because some parameters may take a long time for the
distribution to converge and thus may not explain the decade-by-decade movement of
Pareto exponents.

We first compute the economy with one million households with parameter values
v=1.03,5 =0.1,« = 1/3, and s = 0.3. Set 02 = Var(loge) at 1.1 so that the stationary
Pareto exponent is equal to A = 2. Then, we increase the shock variance o2 by 10% to
1.2. Figure 4 plots the transition of the income distribution after this jump in o2 for
30 years. The plot at t = 1 shows the initial distribution with A = 2. We observe that
the distribution converges to a flatter one (lower A) in less than 10 years. Therefore, the
variation in o2 affects the tail of income distribution fast enough to cause the historical
movement of Pareto exponent.

It is natural that o2 affects A quickly, because o2 represents the diffusion effect that
directly affects the tail as an inequalization factor. The diffusion effect shifts the wealth
from the high density region to the low density region in the wealth distribution. Thus,
the diffusion effect transports wealth toward the further tail. The wealth shifts faster
under the greater gradient of the density which is determined by A. At the stationary A,
the diffusion effect is balanced with the negative drift effect F(g) —1 = —z/Z < 0. When
o? increases, the diffusion effect exceeds the drift effect, and thus the wealth starts to
move toward the tail immediately. The shift of the wealth continues until the gradient is
reduced and the wealth shifted by diffusion regains balance with the negative drift.

We now turn to income tax. Taxation has a direct effect on wealth accumulation
by lowering the annual increment of wealth as well as the effect through the altered
incentives that households face. The impact of income tax legislation in the 1980s has
been extensively discussed in the context of the recent U.S. inequalization. In Figure
1, we observe an unprecedented magnitude of decline in Pareto exponent right after the
Tax Reform Act in 1986, as studied by Feenberg and Poterba [9]. Although the stable
exponent after the downward leap suggests that the sudden decline was partly due to the
tax-saving behavior, the steady decline of the Pareto exponent in the 1990s may suggest

more persistent effects of the tax act. Piketty and Saez [24] suggests that the imposition
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Figure 4: Transition of income distribution after an increase in o

of progressive tax around the second world war was the possible cause for the top income
share to decline during this period and stay at the low level for a long time until 1980s.

We incorporate a simple progressive tax scheme in our simulated model. We set
the marginal tax rate at 50% which is applied for the income that exceeds three times
worth of z. The tax proceed is consumed for non-productive activities. Starting from the
stationary distribution under the 50% marginal tax, we reduce the tax rate to 20%. The
result is shown in Figure 5. We observe the decline of Pareto exponent and its relatively
fast convergence. This confirms that the change in progressive tax has an impact on
Pareto exponent as well as on the income share of top earners.

The effect of the marginal tax on the highest bracket is similarly understood as the
effect of the diffusion. The highest bracket tax affects g; ; for the high income households
while it leaves the saving amount of most of the people unchanged. Thus a decrease in
the highest marginal tax raises the volatility of g; +, while affecting other factors little for

the capital accumulation.
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Figure 5: Transition of income distribution after a reduction in the highest marginal tax rate

3.3 Savings

Finally, we investigate the impact of the savings rate on Pareto exponent. As Proposition
4 has shown, the savings rate per se does not affect \ at the stationary distribution. It
turns out that the savings rate does not affect A in the transition either. This is because
the savings rate affects the returns to wealth through the reduced reinvestment as well as
the savings from the labor income. The left panel of Figure 6 shows the case in which the
savings rate starts at 0.3 and is reduced by 1% every year. We observe that the Pareto
exponent is preserved during the transition.

Previously we explained the mechanism that determines A by a balance between the
income from diffusion effect of assets and the savings from labor income. What matters
for the determination of A is the behavioral difference between the high and low wealth
groups. We can see this point by examining the case where the change in the savings
rate are different between the labor income and the capital income as in the “Cambridge”
growth model. Consider that the rate of savings from labor income sy, is lower than the

savings rate of capital income si. Suppose that sx = 1 and s;, = 0.45 initially, and
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Figure 6: Impact of reduced savings rate on income distribution. Solow model (left) and

Cambridge growth model (right)

suppose that sy declines by 1 percent every year. The right panel in Figure 6 shows the
transition of income distribution. We observe a steady decline in the Pareto exponent,
unlike the previous case.

It is interesting that the factor such as sy that solely affects the additive term z
generates an immediate impact on the tail exponent. In a multiplicative process with
reflexive lower bound, it is sometimes argued that the movement in the lower bound can
take a long time to have an impact on the tail. This is because the tail is usually “too
far” from the lower bound to “feel” the change in the lower bound. It seems not the
case for the wealth distribution, whose exponent ) is considerably greater than 1 and the
additive term z is also sizable.

All the variations investigated above show that the Pareto exponent in the Solow
model has a lower limit: A > 1. It suggests that there is a certain limit to an inequalization
process. Is there a case when this limit is not warranted? Namely, is there a possibility
in our framework for an “escaping” inequalization in which the log-variance of income
grows without bound? Such a case requires E(g) > 1. In this case, the lower bound is

never felt by the tail, the distribution of z;; fails to converge, and it follows a log-normal
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development with log-variance linearly increasing in time.

Sources for such an escaping case are limited. It requires E(g) > 1, namely, the
mean returns to wealth is greater than the overall growth rate of the economy. This
could happen in an extreme case like, say, when the investment is heavily subsidized
and financed by labor income tax. The Cambridge growth model studied above provides
an interesting alternative case. Consider a simple case sk = 1 and sy = 0 in which
the capital income is all reinvested and the labor income is all consumed. Then, the
wealth accumulation process (16) becomes a pure multiplicative process. The income
distribution follows a log-normal development, the log-variance of income grows linearly
in time, and the Pareto exponent falls toward zero. Whereas the assumption sx = 1 and
s, = 0 is extreme, this seems worth noting once we recall that the personal savings rate

in the U.S. experiences values below zero recently.

4 Ramsey model

In the previous section, we note the possibility that the different savings behavior across
the wealth group may have important implications on the Pareto exponent. In order to
pursue this issue, we need to depart from the Solow model and incorporate optimization
behavior of households. We work in a Ramsey model in this section. The model is
analytically tractable when the savings rate and portfolio decisions are independent of
wealth levels. Since Samuelson [26] and Merton [18], we know that this is the case
when the utility exhibits a constant relative risk aversion. We draw on Angeletos [2] in
which Aiyagari model [1] is modified to incorporate undiversifiable investment risks. Each
consumer is endowed with an initial capital k; o, and a “backyard” production technology
that is the same as before (1). The labor endowment is constant at 1 and supplied
inelastically.

Households can engage in lending and borrowing b; ; at the risk-free interest R;. Labor
can be hired at wage w;. The labor contract is contingent on the realization of the
technology shock a;;. We assume that there is a small chance p by which household

lineage is discontinued at each 7. At this event, a new household is formed at the same
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index ¢ with no non-human wealth. Following the perpetual youth model [3], we assume
that households participate in a pension program. Households contract all of the non-
human wealth to be taken by the pension program at the event of discontinued lineage,
and they receive in return the premium in each period of continued lineage at rate p per
each unit of non-human wealth they own.

In each period, a household maximizes its profit from physical capital m; s = y; 1 —w:l; ¢
subject to the production function (1). At the optimal labor hiring l;;, the return to
capital is:

iy = a(l —a)170/ (g, Jw,) IO/ 1 6, (33)

Household’s non-human wealth is defined as F;; = r;+k;+ + Rib; ;. Household’s total

wealth W; ; is defined as:

Wi,t = (1 er)Fz,t + Ht (34)

= (1 —|—p)(7’i7tk¢7t + Rtbi,t) + Ht (35)

where p is the pension premium and H; is the human wealth defined as the expected

discounted present value of future wage income stream:
o0
Hy=> w(1—p) " J[ B (36)
T=t

The evolution of the human wealth satisfies H; = w; + (1 — p)R;.", Hyy1. The pension
program is a pure redistribution system, and must satisfy the zero-profit condition: (1 —

u)pf Fidi=p f F; ¢di. Thus, the pension premium rate is determined at:

p=p/(1—p). (37)

Given an optimal operation of physical capital in each period, a household solves the

following dynamic maximization problem:

[e%S) 1-6
C:
E t it 38
Lo (S0) ()
subject to:

Cit+ ki1 +bir1 = Titkis + Ry + wy (39)
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and the no-Ponzi-game condition. For this maximization problem, consumption c;; is
set at zero once the household lineage is discontinued. Using H; and Wy, the budget

constraint is rewritten as:
Cit + ki1 +biger + (L= )R Hepq = Wig. (40)

Consider a balanced growth path at which R; is constant over time. The household’s

problem has a recursive form:

1-60
C:
) = i 1—p)BE ! 41
V(W) Ci,;ﬁfml_gﬂ 1) BE (V(W5)) (41)
subject to
W, = ci+ki+b+0—pRH (42)

This dynamic programming allows the following solution as shown in Appendix D:

c = (1-sW (44)
K= soW (45)
V = s(1—¢)W—(1—pRH'. (46)

Define x;; = W,/ ~¢ as household i’s detrended total wealth. By substituting the
policy functions in the definition of wealth (35), and by noting that (1 — p)(1+p) =1
holds from the zero-profit condition for the pension program (37), we obtain the equation

of motion for the individual total wealth:
T, = gix; (47)

where the growth rate is defined as:

L (¢rl+ (1= 9)R)s
N R (48)

Thus, at the balanced growth path, the household wealth evolves multiplicatively accord-

ing to (47) as long as the household lineage is continued. When the lineage is discontinued,
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a new household with initial wealth W; = H replaces the old one. Therefore, the indi-
vidual wealth W; follows a log-normal process with random reset events where H is the
resetting point. Using the result of Manrubia and Zanette [17], we can establish the

Pareto exponent of the wealth distribution.

Proposition 6 A household’s detrended total wealth x;; has a stationary Pareto distri-

bution with exponent A which is determined by:

(1 - wE(gn) = 1. (49)

Proof: See Appendix E.

The result is quite comparable to the previous results in the Solow model. The
difference is that we do not have the additive term in the accumulation of wealth and
instead we have a random reset event. As seen in (49), the Pareto exponent is large when
w is large. If there is no discontinuation event (i.e., u = 0), then the individual wealth
follows a log-normal process as in [2]. In that case, the relative wealth W,/ [ W;,dj does
not have a stationary distribution. Eventually, a vanishingly small fraction of individuals
possesses almost all the wealth. This is not consistent with the empirical evidence.

The difference from the Solow model occurs from the fact that the consumption func-
tion is linear in income in the Solow model whereas it is linear in wealth in the Ramsey
model with CRRA preference. The linear consumption function arises in a quite narrow
specification of the Ramsey model, however, as Carroll and Kimball [5] argues. For ex-
ample, a concave consumption function with respect to wealth arises when labor income
is uncertain or when the household’s borrowing is constrained.

The concavity of the consumption means that the savings rate is high for the house-
holds with low wealth. This precautionary savings by the low wealth group serves as the
reflexive lower bound of the wealth accumulation process. Then, the Pareto exponent of
the tail distribution of wealth is determined by the balance of the precautionary savings
and the diffusion of the wealth as in the Solow model. Further analysis requires numerical

simulation, however, which is out of scope of the present paper.
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5 Conclusion

This paper demonstrates that the Solow model with idiosyncratic investment risks is
able to generate the Pareto distribution as the stationary distribution of income at the
balanced growth path. We explicitly determine the Pareto exponent by the fundamental
parameters, and provide an economic interpretation for its determinants.

The Pareto exponent is determined by the balance between the two factors: the
savings from labor income, which determines the influx of population from the middle
class to the tail part, and the asset income contributed by risk-taking behavior, which
corresponds to the inequalizing diffusion effects taking place within the tail part. We
show that an increase in the variance of the idiosyncratic investment shock lowers the
Pareto exponent, while an increase in the technological growth rate raises the Pareto
exponent. Redistribution policy financed by income or bequest tax raises the Pareto
exponent, because the tax reduces the diffusion effect. Similarly, an increased level of
risk-sharing raises the Pareto exponent. Savings rate per se does not affect the Pareto
exponent, but a reduced savings rate from labor income lowers the Pareto exponent in a
model of differential savings rate.

The effect of different savings behavior across wealth groups can be investigated in a
Ramsey model. As a framework for such future studies, we present a Ramsey model with
CRRA utility which is analytically tractable but in which the savings rate is constant
across wealth groups. By incorporating a random event by which each household lineage

is discontinued, we reestablish the Pareto distribution of wealth and income.

Appendix

A Proof of Proposition 2

We first show that E(gf:t) is strictly increasing in A for ¢ > . This property is needed
to show the unique existence of A as well as to be the basis of all the comparative statics
we conduct in this paper.

As A — oo, g* is unbounded for the region g > 1 and converges to zero for the region
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g < 1, while the probability of g > 1 is unchanged. Thus E(g") grows greater than
1 eventually as ) increases to infinity. Also recall that E(g) < 1. Thus, E(¢g") travels
from below to above 1. Hence, there exists unique A that satisfies E(g) = 1 if E(g?) is

monotone in A, and the solution satisfies A > 1.

To establish the monotonicity, we show that the first derivative of the moment (d/d\)E(g*)

E(g* log g) is strictly positive. Since (d/d))(g* log g) = g*(log g)? > 0, we have E(g* log g) >

E(glogg). Denote ¢ = a + u where a = (1 — d)/v and logu follows a normal dis-
tribution with mean g, = ug — 02/2 and variance 02 = ((1 — a)/a)?0? where uy =

log(a(1 — (1 —6)/v)). Then, noting that ¢ > 0 and u > 0, we obtain:
E(glogg) = aE(log(a + u)) + E(ulog(a 4+ u)) > aloga + E(ulogu). (50)

The last term is calculated as follows:

u— 27 (72 u

/°° ulogu —Uesu—p)® d /°° logu - (osuom) 2oy loau d (51)

— ¢ u U = —e u U
0 UoyV2w 0 UoLV2mw

| _ (logu—(pu+02))?
_ eputol/2 /O rog“%e 2T du (52)
= Mty + 02). (53)

Collecting terms, we obtain:

1-— 1-— 1-— 1— 2 /11— a\?
E(glogg) > 610g 5+a(1—6> log <a <1—6>) +U( 0‘) .
v v ¥ v 2 a

(54)

Since 1 — (1 —4)/~ > 0, the right hand side is positive for a sufficiently large o. Thus, by
defining:

1-96

al log {(1;6>_7 (a (1 - 1;6))_(1(1_17”} 7 (55)

s (1-5) ()’

we obtain that E(glogg) is positive for ¢ > &. Thus, E(g") is strictly increasing in A

under the sufficient condition o > &.
Finally, we show that A is decreasing in ¢ by showing that an increase in ¢ is a mean-

preserving spread in g. Recall that ¢ follows a shifted log-normal distribution where

2

w

logu = log(g — a) follows a normal distribution with mean ug — 02 /2 and variance o
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Note that the distribution of u is normalized so that a change in o, is mean-preserving
for g. The cumulative distribution function of g is F(g) = ®((log(g —a) —uo+02/2)/0.)
where ® denotes the cumulative distribution function of the standard normal. Then:

OF g (tosta ) o2 (Llosy—e) 1) (56)

doy, O

o2 2
where ¢ is the derivative of ®. By using the change of variable z = (log(g — a) — up +

02/2) /0., we obtain:

9 9F e
g = /qb(x)(—a:/au—i—l)dxdg/dm (57)
Ou

The last line reads as a partial moment of —x /0, + 1 in which z follows a normal dis-
tribution with mean o, and variance 1. The integral tends to 0 as £ — oo, and it is
positive for any T below o,. Thus, the partial integral achieves the maximum at = o,
and then monotonically decreases toward 0. Hence, the partial integral is positive for
any Z, and so is fg 0F/0o,dg. This completes the proof for that an increase in o, is a
mean-preserving spread in g. Since ¢* is strictly convex in g for A > 1, a mean-preserving
spread in g strictly increases E(g"). As we saw, E(g") is also strictly increasing in \.
Thus, an increase in o,, and thus an increase in o while « is fixed, results in a decrease

in \ that satisfies E(¢*) = 1 in the region A > 1.

B Derivation of Equation (22)

We repeatedly use the fact that, when loge follows a normal distribution with mean
—02/2 and variance 02, aglog e also follows a normal with mean —ago?/2 and variance
ato?. When § = 1, the growth rate of x; ; becomes a log-normally distributed variable
g = aell=)/ JE(1=®)/@)  Then, ¢* also follows a log-normal with log-mean A(loga —

log E(e=®)/%) — (52 /2)((1 — a)/a)) and log-variance A\*((1 — a)/a)?02. Then we obtain:

1=E(g") = eMoga-logB(™/")—(0?/2)((1-a)/a))+)*((1=a)/a)?0?/2 (59)

_ Aoga—(0?/2)((1=a)/a)*)+ X2 ((1-a) /@) *a? /2. (60)
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Taking logarithm of both sides, we solve for A as:
« 2 log o
A=1-— . 61
<1 - a) 02/2 (61)

C Proof of Proposition 3

From the definition of g; ; (17), we obtain:

1-§ 2 1-§ 2 E 6?(1_0‘)/0‘
E(gﬁt): —_— +27g(7—1+5)+ g(’y—l—k(s) (’t—)z (62)
Y Y Y (E(Eg}t—a)/a))

By applying the formula for the log-normal, we obtain:

it .

2 7 o—02(l-a)/ato2(1—a)2/a? T
(o) o

o

E(€2(1—oc)/oz) e—az(l—a)/a+202(l—a)2/a2 ((,(1_(,)>2
=e

Combining these results with the condition E(g?) = 1, we obtain:

() e

We observe that an increase in v or § raises 6. By Proposition 2, F(g") is monotonically
increasing in A when o > &, and X is decreasing in ¢. Thus, in the neighborhood of A = 2,
the stationary A is increasing in v or 4, because an increase in either of them raises &

relative to the current level of o.

D Derivation of the policy function in the Ramsey

model

First, we guess and verify the policy functions (44,45,46) at the balanced growth path
along with a guess on the value function V(W) = BW!'=?/(1 — 6). The guessed policy
functions for ¢, k', b’ are consistent with the budget constraint (42).

The first order conditions and the envelope condition for the Bellman equation (41)

= BERV'(W) (65)
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- BRE[V'(W)] (66)

o
I

VW) = ¢°? (67)

Note that we used the condition (1 — u)(1+ p) = 1 from (37). By imposing the guess on
these conditions, and by using W' = (¢r’ + (1 — ¢)R)(1 + p)sW from (47), we obtain the

equations that determine the constants:

0 = E[(F—R)(¢r'+(1-¢)R) (68)
s = (1—p) (BEW (o' + (1—o)R)~)"" (69)
B = (1-s)7% (70)

Thus we verify the guess.

E Proof of Proposition 6

In this section, we solve the Ramsey model and show the existence of the balanced growth
path. Then the proposition obtains directly by applying Manrubia and Zanette [17].

At the balanced growth path, Y, K, and wealth grow at the same rate v. The wage
and output are determined similarly to the Solow model (7,8). As in the Solow model,
define X; = K;/! as detrended aggregate physical capital. At the steady state X, the

return to physical capital (33) is written as:
Tip = aeg};a)/O‘E(eg*a)/a)o‘_l)_(a_l +1-39, (71)
which is a stationary process. The average return is:
F=E(r)=anX*' +1-4. (72)

The lending market must clear in each period, which requires [ b;,di = 0 for any
t. By aggregating the non-human wealth and using the market clearing condition for
lending, we obtain: f F;+di = 7K;. Thus the aggregate total wealth satisfies f Widi =
(1 — u)~ 7Ky + H;. At the balanced growth path, aggregate total wealth, non-human
wealth and human wealth grow at rate 7. Let W, H, and w denote the aggregate total
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wealth, the human capital and the wage rate detrended by ~' at the balanced growth
path, respectively. Then we have:

W=(01-p '7X +H. (73)
Combining the market clearing condition for lending with the policy function for lending
(46), we obtain the equilibrium risk-free rate:
poU-pwH
s(l—¢) W

constraint (40) becomes in aggregation:

(74)

By using the conditions above and substituting the policy function (44), the budget

(y=s(l—p) '")X =(s—(1-pR'NH
Plugging into (74), we obtain the relation:

R_W(l—ﬂ)

(75)
¢
= — T.
s(l—¢) 1-9¢
Thus, the mean return to the risky asset and the risk-free rate are determined by X from
(72,76). The expected excess return is solved as:

(76)

r—R

= 1_¢(om)zafl—&—l—é—(l—u)’y/s).

(77)

the expected excess return and the shock variance o

By using (7,8), the human wealth is written as:

H=~" (iW(l — ) l:[ Rsl> = a
=t s=t+1

R

2

If loge ~ N(—0?/2,0?), then we have n = e% (1=)(1/a=2) This shows a relation between

(1 - a)pX

T~ (R
Equations (72,75,76,78) determine X, H, R, 7. In what follows, we show the existence
of the balanced growth path in the situation when the parameters of the optimal policy

(78)
s, ¢ reside in the interior of (0,1). By using (72,76,78), we have:
1

T <

_ (A—p)ys(1=9) _
Y(A—p)—s$p(1-0)—spanX 1

(1 —a)nXo-1
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The right hand side function is continuous and strictly increasing in X, and travels from
0 to +00 as X increases from 0 to +oc.

Now, the right hand side of (75) is transformed as follows:

H(s—(1—pyR™Y = H <5 —s(1 - ¢)g) = Hs (1 —(1-¢) <(1 - u)”% + 1>>
— ms(o-a-00-w ). (50)
Then we rearrange (75) as:
R 51)

By (72), 7 is strictly decreasing in X, and R is strictly increasing by (76). Thus W /H
is strictly decreasing by (74), and so is #X /H by (73). Thus, the right hand side of (81)
is positive and strictly decreasing in X. The left hand side is monotonically increasing
from 0 to +00. Hence there exists the steady-state solution X uniquely. This verifies the
unique existence of the balanced growth path.

The law of motion (47) for the detrended individual total wealth x; ; is now completely

specified at the balanced growth path:

Git+1%;,¢ With prob. 1 —p

Tity1 = (82)

with prob. pu,
where,
Gigr1 = (Priger + (1 = @)R)s/((1 — p)v). (83)

This is the stochastic multiplicative process with reset events studied by Manrubia and

Zanette [17]. By applying their result, we obtain our proposition.
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